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Abstract
The transition from classical to quantum behavior for chaotic systems is understood to be ac-
companied by the suppression of chaotic effects as the relative size of h¯ is increased. We show
evidence to the contrary in the behavior of the quantum trajectory dynamics of a dissipative quan-
tum chaotic system, the double-well Duffing oscillator. The classical limit in the case considered
has regular behavior, but as the effective h¯ is increased we see chaotic behavior. This chaos then
disappears deeper into the quantum regime, which means that the quantum-classical transition in
this case is non-monotonic in h¯.
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The behavior of open nonlinear quantum systems is a matter of considerable importance
in understanding the fundamentals of quantum mechanics, particularly the transition from
quantum to classical behavior. In the framework of density matrices, for example, it has
been argued that the quantum system decoheres rapidly when the classical counterpart is
chaotic, with the rate of decoherence of the quantum system determined by the classical
Lyapunov exponents λ of the system[1] – this applies to entanglement and fidelity issues as
well[2, 3, 4], since decoherence serves as a surrogate for entanglement with the environment.
An alternative and powerful approach in the study of open quantum systems, particularly
dissipative ones, is to examine the behavior of Hilbert space trajectories also known as
quantum trajectories. Equations of motion for these trajectories can be derived through a
Quantum State Diffusion (QSD) approach[5]. This approach allows one to tackle a paradox
of significant importance in quantum chaos, namely, that it is easy to show that in the
absence of a QSD-like trajectory formulation, classical chaos cannot be smoothly recovered
from quantum mechanics, that is, the h¯ → 0 limit is singular. How does classical chaos
exist, then, since a classical description of nature is fundamentally an approximation to its
true quantum nature?
Pioneering studies in QSD[6] studied the convergence of QSD trajectories towards classi-
cally chaotic trajectories in the appropriate limit through phase-space projections of a QSD
Hilbert space trajectory for a dissipative Duffing oscillator. That is, they looked at Poincare´
sections of the quantities 〈xˆ〉 and 〈pˆ〉. They showed that the classical chaotic attractor for
the Duffing problem is recovered when the relative size of the system was changed such that
h¯ was effectively small compared to the characteristic action associated with the system.
Their results also showed that as the system’s parameters changed to go further into the
quantum regime, the attractor disappeared gradually, thus suggesting some sort of persis-
tence of chaos into the quantum region. A somewhat more quantitative analysis of precisely
the same system has been carried out in [7], and, with a slight variation, in [8]. Both studies
confirmed that chaos persists into the quantum regime.
Related work[9] has studied the details of the quantum-classical correspondence (QCC)
for a quantum system that is being continuously weakly measured, which leads to similar
equations as those for QSD[10]. This work focuses attention on the conditions for ‘strong
QCC’ (such that a chaotic trajectory arises from quantum mechanics) versus ‘weak QCC’
(where we require only that the classical and quantal statistical distributions and measure-
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ment expectation values agree). These issues are of course particularly complicated for
nonlinear systems that are chaotic in the classical limit. This work showed that not only is
chaos recovered in the classical limit, but that it persists, albeit reduced in degree, substan-
tially into the ‘quantum’ regime. Another related study [11] of coupled Duffing oscillators,
showed that quantum effects, specifically entanglement, persist in a quantum system even
when the system is close enough to classicality to display chaos.
All these results suggest that a dissipative quantum system studied via its Hilbert space
trajectory shows chaos that is steadily reduced as a result of quantum effects. It is interest-
ing that the chaos persists as long as it does into the quantum regime, but is still consistent
with a relatively well-established understanding of chaos as an essentially classically phe-
nomenon that ‘monotonically’ decreases in degree as the quantum effects are increased. Do
quantum effects always decrease the degree of chaos, however? A previous study of a closed,
Hamiltonian quantum mechanical system using the gaussian wavepacket approximation [12]
manifested chaos in this system that is absent in its classical version. This result, however,
has since been understood to be an artifact of the approximation, since the full quantum
system does not display chaos. Follow-up work in an open dissipative system [13] also man-
ifested chaos in the quantum regime, for a system which is not classically chaotic, but it has
not been clear that this was not also due to the approximations made.
In this paper we show – for the first time, to the best of our knowledge – evidence of
chaos being induced by quantum effects in a situation where this cannot be attributed
to approximations. Specifically, this is a system where the classical limit of the system is
not chaotic, but as we decrease the action of the system (alternatively increase the relative
size of h¯) we can see chaos emerge in the system. This is an interesting result in its own
right, particularly since there is nothing special about our system, and this should arguably
be a relatively common effect. In the broader context, what this result shows is that the
quantum-classical transition for chaotic systems is not a simple monotonic function of h¯,
and therefore almost definitely not a simple monotonic function of any system parameter.
This is underlined by the fact that as we increase h¯ even further in our system, the chaos in
the system then disappears.
Below we describe some of the background theory and the specific details of the system
we are investigating before turning to the results. The starting point for studying open
quantum systems that interact with an environment that has no long time correlations,
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that is, systems satisfying the requirements of the Markovian approximation is the Lindblad




















where the Lindblad operators Lj model coupling to an external environment, and need not
be Hermitian. This Master Equation can be ’unravelled’ into an equation for the Hilbert
space state vectors corresponding to this density matrix evolution, such that



















(Lˆj − 〈Lj〉)|ψ〉dξj. (2)
The original density matrix is constructed through an ensemble of these state vectors as ρˆ =
M |ψ〉〈ψ| whereM denotes the mean over the ensemble. The dξj are independent normalized
complex differential random variables satisfying M(dξj) = 0;M(dξjdξj′) = 0;M(dξjdξj′) =
δjj′dt.
Now consider a specific system, the driven dissipative Duffing oscillator. Classically, this
system is described by the equation of motion
x¨+ 2Γx˙+ x3 − x = g cos(Ωt). (3)
This corresponds to a particle of unit mass moving in a double-well potential, with a friction
or dissipation parameter Γ. The driving force oscillates as a function of time with an
amplitude parameter g. The dynamics depend on the choice of the parameters Γ, g and Ω,
with chaotic behavior obtaining for certain parameter ranges. The existence of chaos can be
easily demonstrated by looking at Poincare´ surface of section (obtained by mapping (x, p)
at time intervals of 2π/Ω) to see a strange attractor, or by the behavior of the time-series
x(t), or by calculation of a Lyapunov exponent in phase-space. For the quantization of this
problem[6, 7], we choose the Hamiltonian Hˆ and the Lindblad operator Lˆ for Eq. (2) as



























where the quantum expectation value for an operator Oˆ is given by M{〈ψ|Oˆ|ψ〉} = Tr{Oˆρ},
and ρ is a reduced density matrix for the system [14] After some algebraic manipulation and
redefinitions (including a renormalization of the Hamiltonian), this can be reduced to the
dimensionless Hamltonian Hˆβ and Lindblad operator Kˆ given by: Hˆβ = HˆD + HˆR + Hˆex
where we have HˆD =
1
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, and Ω ≡ ω/ω0, Γ ≡ γ/ω0. The critical quantity β2 is the ratio of h¯ to the





and provides a scaling handle that changes the relative size of the system, and hence the
degree to which quantum effects influence the motion (the degree of classicality of the sys-
tem). Specifically, it can be shown[7] that the limit β → 0 yields the equations of motion
for the classical Duffing oscillator.
Earlier studies of the system focused on the dynamics as a function of β, while holding
the other parameters constant at the values of Γ = 0.125, g = 0.3 and Ω = 1.00[15], which
values are known to manifest chaos in the classical limit. We have studied precisely this
same system, but have also chosen to vary Γ. In all cases, the initial state was the same
pure coherent state |α = (1.4 − 0.4i)〉, where Re{α} = √2〈Qˆ〉 and Im{α} = √2〈Pˆ 〉. To
remind us of the ‘typical’ behavior in such a situation, we show ‘quantum Poincare´ sections’,
constructed using the expectation values 〈xˆ〉, 〈pˆ〉. These are shown for three different values
of β for this system in Fig. (1a,b,c); these reproduce previously well-known results[6, 7].
Now consider the low-frequency power spectra shown in Fig. (2) for the cases corre-
sponding to Fig. (1). We obtain the power-spectra from the Fourier transforms X˜(̟) of the
time-series 〈Xˆ(t)〉. We see both the broadband contributions of the noise terms in Eq. (2),
and also an exponential increase in the power distribution in the zero-frequency (̟ ≪ Ω)
limit. This low frequency increase is characteristic of chaotic dynamics, and is absent in
regular motion [16].
Now consider Figs. (3a,b,c), where we also show Poincare´ sections, this time for Γ = 0.3,
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Fig (a): β=0.01
FIG. 1: Poincare´ sections for Γ = 0.125, and β = 0.01, 0.3, 1.0 reading from top to bottom.
The monotonic transition from classical chaos to quantum regularity is to be contrasted with the
non-monotonicity in Fig. (3).
In marked contrast to the Γ = 0.125 situation, in this case the regular behavior in the
classical system changes to chaotic behavior as the value of β is increased and then changes
back to regular behavior. That is, the system initially becomes chaotic as quantal effects
are increased, and then becomes regular again in the deep quantal region, as is also made
clear by the power spectra in Fig. (4).
The physical mechanism for the different consequences of introducing quantum effects
in the two cases presented here can be explained with a relatively simple argument about
the relative size of the dissipation term and the quartic term. In the Γ = 0.125 case,
the system in the classical limit is energetic enough to sample both wells of the nonlinear
potential, in particular the complicated region near the separatrix, which is what leads to
the chaos. Quantum corrections increase the effective energy of the particle reflected in the



















Γ=0.125, β=0.01 (x 10)
Γ=0.125, β=0.3  (x 1)   
Γ=0.125, β=1.0  (x 0.1)
FIG. 2: Low-frequency power spectra for the 3 β values shown in Fig. (1). These have been offset
for visual clarity, with offset factors indicated in the legend. We see the characteristic shape[16] of
the low-frequency limit for the chaotic case, as well as the monotonicity of the transition with β
to be contrasted with the non-monotonicity in Fig. (4).
smoother and that of a single quartic well as β increases. In contrast, in the Γ = 0.3 case,
the dissipation is very high, and the dynamics in the classical limit is hence confined to the
bottom of one of the wells. However, as β is increased, the particle gains enough energy to
feel the effect of the separatrix region, resulting in chaotic behavior. When β is sufficiently
large, the single quartic well returns, restoring the non-chaotic behavior. All this is clearly
apparent in the Poincare´ section plots.
While examples of chaos in the quantum regime for Hilbert space trajectories have been
previously demonstrated, those have been understood as remnants of the chaos from the
classical limit. In this paper we have shown a clear anomalous case of chaos being induced
by quantum mechanics. To the best of our knowledge, this is the first such example, apart
from studies using various approximations[12, 13]. The system under consideration is not
unusual, and the physical mechanism of the way in which chaos is induced as quantum
effects are increased is straightforward. It seems appropriate to conclude that this is a
generic property of nonlinear systems described by Hilbert space trajectories, and that the
quantum-classical transition is not always monotonic. Quantum systems possessing this
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Fig (a): β=0.01
FIG. 3: Poincare´ sections for Γ = 0.3, and β = 0.01, 0.3, 1.0 reading from top to bottom. The
non-monotonic transition from classical regularity to chaos induced by quantum effects back to
quantum regularity is to be contrasted with the monotonicity in Fig. (1).
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